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Abstract
Cycle drawings of Kn use edges either inside or outside of a convex n-gon. The smallest n
such that a drawing of Kn exists and a cycle drawing with the same number of crossings does
not exist is proved to be at most 14, and equality is conjectured. c© 2002 Elsevier Science B.V.
All rights reserved.
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1. Introduction
A drawing D(G) of a graph G is a realization of G in the plane if the vertices of
G are mapped into di5erent points (also called vertices of D(G)) and the edges are
mapped into simple curves (also called edges of D(G)) connecting the corresponding
vertices in such a way that two edges have at most one point in common, either an
endpoint (vertex of D(G)) or a crossing.
The maximum number CR(Kn) of crossings for complete graphs Kn,
CR(Kn)=
(
n
4
)
;
occurs for example, if D(Kn) is a convex n-gon with all diagonals, that is, if every
4-tuple of vertices determines exactly one crossing. For the minimum number of cr(Kn)
of crossings only the upper bound
cr(Kn)6
1
4
⌊n
2
⌋⌊n− 1
2
⌋⌊
n− 2
2
⌋⌊
n− 3
2
⌋
=Z(n)
is known with equality for n6 10 (see [1,3]). The following example for D(Kn) with
Z(n) crossings seems to be relatively unknown. Take a convex n-gon and consider
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Fig. 1.
all diagonals from one starting vertex to n=2 consecutive vertices. Then draw these
diagonals inside of the n-gon and all diagonals parallel to these diagonals, that is, where
the sum p+ q of their vertex labels is in the same residue class modulo n as the sum
for one of these diagonals, if the vertices are labelled consecutively by 1; 2; : : : ; n. For
all remaining diagonals the edges are drawn outside of the n-gon (see Fig. 1 for n=9
where in the left 9-gon the starting vertex with 5 consecutive diagonals may be the
lowest left vertex, and where the diagonals outside of the 9-gon are represented within a
second 9-gon to the right). These drawings D(Kn) of an uncrossed cycle with all other
edges either inside or outside may be called cycle drawings DC(Kn). They correspond
to the book embeddings with two pages in [4].
Thus the conjectured smallest number Z(n) of crossings of D(Kn) also can be realized
by a cycle drawing DC(Kn). Since this special class of cycle drawings DC(Kn) seems
to be of interest in many practical situations one may ask whether every possible
number of crossings of D(Kn) can be realized in a cycle drawing DC(Kn). The answer
is in the negative.
Theorem 1. There exists a drawing D(K14) with 953 crossings and no cycle drawing
DC(K14) has 953 crossings.
With some e5orts for n6 7, cycle drawings DC(Kn) can be constructed which attain
every possible number of crossings of general drawings D(Kn).
2. Proof
At Frst consider for n¿ 7 a convex n-gon with consecutive labels 1; 2; : : : ; n for the
vertices where (1; 5) is drawn outside, edge (1; 6) starts outside and continues inside
after intersecting (4; 5), and all other edges are inside (see Fig. 2). If 3(n−5) crossings
of (1; 5) with (2; i); (3; i), and (4; i) for 66 i6 n, and 3(n−6) crossings of (1; 6) with
(2; i), (3; i), and (4; i) for 76 i6 n are subtracted from ( n4 ) and 3 crossings of (1; 6)
with (2; 5), (3; 5), and (4; 5) are added then the total number C(n) of crossings is
C(n)=
(
n
4
)
− 3(n− 5)− 3(n− 6) + 3=
(
n
4
)
− (6n− 36):
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For n=14 this gives a D(K14) with
C(14)=
(
14
4
)
− 48=953:
To prove that no cycle drawing DC(K14) exists with 953 crossings, all cycle drawings
are considered with d= z1 + z2 + · · ·+ zn=2 diagonals outside, 06d6 (( n2 )− n)=2,
where zi denotes the number of diagonals of length i, that is, the smallest number of
consecutive sides between both endpoints is i. In a convex n-gon with all diagonals
there are (i−1)(n− i−1) crossings on a diagonal of length i since i−1 points on one
side are connected to n− i− 1 points on the other side of this diagonal. If d diagonals
are drawn outside then the number ( n4 ) of crossings is diminished by
TZ =
n=2∑
i=2
(i − 1)(n− i − 1)zi − 2SZ ;
where SZ counts the number of crossings of all d outside diagonals for all DC(Kn)
with Z = {z2; z3; : : : ; zn=2}. To see that TZ 	=48 for all Z if n=14, three lemmas are
needed.
Lemma 1. In a convex n-gon the number S(d) of crossings of d diagonals is bounded
by
S(d)6
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:
Proof. Of course, S(d)6 (d2 ). However, at least W1(d) pairs of diagonals with a
common vertex and W2(d) pairs of parallel diagonals do not intersect so that
S(d)6
(
d
2
)
−W1(d)−W2(d):
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If xi denotes the number of diagonals with vertex i as an endpoint and with 2d=
2d=n n+ t1 = xn+ t1 one obtains
W1(d)=
n∑
i=1
(
xi
2
)
¿ (n− t1)
(
x
2
)
+ t1
(
x + 1
2
)
and because of(
a+ 1
2
)
+
(
a+ r − 1
2
)
¡
(
a
2
)
+
(
a+ r
2
)
for r ¿ 1
the minimum occurs for n−t1 values xi = x and t1 values xi = x+1. Correspondingly, the
number yi denotes the number of diagonals in the parallel class i, and with d= d=nn+
t2 =yn+ t2 it follows that
W2(d)=
n∑
i=1
(
yi
2
)
¿ (n− t2)
(
y
2
)
+ t2
(
y + 1
2
)
:
With t1 = 2d− xn and x= 2d=n, respectively, t2 = 2d− yn and y= d=2 Lemma 1
is proved.
Lemma 2. In a convex n-gon the number S(d; k) of crossings of d diagonals of lengths
at most k is bounded by
S(d; k)6dmin
{
d− 1
2
;
(
k
2
)}
:
Proof. Any diagonal of length j has at most 2(i−1) crossings with diagonals of lengths
i for i6 j and at most 2(j − 1) crossings with diagonals of lengths i for j¡ i6 k.
Altogether the number D of crossings on one diagonal is estimated by
D6
j∑
i=2
2(i − 1) +
k∑
i=j+1
2(j − 1)= (j − 1)(2k − j)6 (k − 1)k:
Since d(k − 1)k counts every crossing twice, the proof is complete.
Lemma 3. In a convex n-gon the number S(d; k; b) of crossings of d diagonals of
lengths at most k with b diagonals of any length is bounded by
S(d; k; b)6 bmin{d; k(k − 1)}:
Proof. If all b diagonals intersect all d diagonals then S6db. Any diagonal is inter-
sected by at most 2(j − 1) diagonals of length j so that
S6 b
k∑
j=2
2(j − 1)= bk(k − 1):
To continue the proof of Theorem 1 it will be checked for all
d= z2 + z3 + · · ·+ z7; 06d6 38;
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that
TZ =11z2 + 20z3 + 27z4 + 32z5 + 35z6 + 36z7 − 2SZ 	=48:
d=0: SZ =0; TZ =0.
d=1: SZ = 0; TZ ∈{11; 20; 27; 32; 35; 36}.
d= 2: SZ6 S(2)6 1.
z4 + z5 + z6 + z7 = 2: TZ¿ 2 · 27− 2=52¿ 48.
z2¿ 1: TZ6 11 + 36¡ 48.
z3¿ 1: TZ ∈{29; 31; 38; 40; 45; 47; 50; 52; 53; 54; 55; 56}.
d=3: z3 + · · ·+ z7 = 3: TZ¿ 3 · 20− 2S(3)¿ 54¿ 48.
z2¿ 2: SZ6 2,
TZ ∈{29; 31; 33; 38; 40; 42; 45; 47; 49; 50; 52; 53; 54; 55; 56; 57; 58}.
z2 = 1; z36 1: TZ¿ 11 + 20 + 27− 2S(3)¿ 52¿ 48.
z2 = 1; z3 = 2: TZ 	≡ 0 (mod 2).
d=4: z26 2: TZ¿ 2 · 11 + 2 · 20− 2S(4)¿ 50¿ 48.
z2 = 3; z3 = 1: TZ 	≡ 0 (mod 2).
z2 = 3; z3 = 0: SZ6 5; TZ¿ 3 · 11 + 27− 2 · 5=50¿ 48.
z2 = 4: TZ6 4 · 11=44¡ 48.
d=5: z26 3: TZ¿ 3 · 11 + 2 · 20− 2S(5)¿ 52¿ 48.
z2 = 4: SZ6 S(4; 2) + S(4; 2; 1)6 4 + 2=6,
TZ¿ 4 · 11 + 20− 2 · 6=52¿ 48.
z2 = 5: TZ 	≡ 0 (mod 2).
d=6: z26 4: TZ¿ 4 · 11 + 2 · 20− 2S(6)¿ 54¿ 48.
z2¿ 5: SZ6 S(5; 2) + S(5; 2; 1)6 5 + 2=7; TZ¿ 6 · 11− 2 · 7=52¿ 48.
76d6 38: If z2 + z3 + z4¿ 28 then with Lemmas 2 and 3
SZ6 S(28; 4) + S(28; 4; d− 28) + S(d− 28)6 12d− 168 + S(d− 28);
TZ¿ 14 · 11 + 14 · 20 + 27(d− 28)− 2SZ¿ 3d+ 14− 2S(d− 28)¿ 48:
With Lemma 1 the last inequality can be checked for 286d6 38 and it remains
z2 + z3 + z46 27: (1)
If z2 + z3¿ 16 then with Lemmas 2 and 3
SZ6 S(16; 3) + S(16; 3; d− 16) + S(d− 16)6 6d− 48 + S(d− 16):
For 166d6 28 with Lemma 1
TZ¿ 14 · 11 + 20(d− 14)− 2SZ¿ 8d− 30− 2S(d− 16)¿ 48:
For 296d6 38 with (1) and Lemma 1
TZ¿ 14 · 11 + 13 · 20 + 32(d− 27)− 2SZ¿ 20d− 354− 2S(d− 16)¿ 48
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and it remains
z2 + z36 15: (2)
If z2¿ 18 then with Lemmas 2 and 3
SZ6 S(8; 2) + S(8; 2; d− 8) + S(d− 8)6 2d− 8 + S(d− 8):
For 86d6 19 with Lemma 1
TZ¿ 11d− 2SZ¿ 7d+ 16− 2S(d− 8)¿ 48:
For 206d6 36 with (2) and Lemma 1
TZ¿ 14 · 11 + 20 + 27(d− 15)− 2SZ¿ 23d− 215− 2S(d− 8)¿ 48:
For 376d6 38 with (1), (2), and Lemma 1
TZ ¿ 14 · 11 + 20 + 12 · 27 + 32(d− 27)− 2SZ
¿ 28d− 350− 2S(d− 8)¿ 48:
It remains
z26 7: (3)
If z2 + z3 + z4¿ 22 then with Lemmas 2 and 3
SZ6 S(22; 4) + S(22; 4; d− 22) + S(d− 22)6 12d− 132 + S(d− 22):
For 226d6 36 with (2), (3), and Lemma 1
TZ¿ 7 · 11 + 8 · 20 + 27(d− 15)− 2SZ¿ 3d+ 96− 2S(d− 22)¿ 48:
For 376d6 38 with (1)–(3), and Lemma 1
TZ ¿ 7 · 11 + 8 · 20 + 12 · 27 + 32(d− 27)− 2SZ
¿ 8d− 39− 2S(d− 22)¿ 48:
It remains
z2 + z3 + z46 21: (4)
If z2 + z3¿ 12 then with Lemmas 2 and 3
SZ6 S(12; 3) + S(12; 3; d− 12) + S(d− 12)6 6d− 36 + S(d− 12):
For 126d6 27 with (3) and Lemma 1
TZ ¿ 7 · 11 + 20(d− 7)− 2SZ¿ 8d+ 9− 2S(d− 12)¿ 48:
For 286d6 38 with (2)–(4), and Lemma 1
TZ ¿ 7 · 11 + 8 · 20 + 6 · 27 + 32(d− 21)− 2SZ
¿ 20d− 201− 2S(d− 12)¿ 48:
It remains
z2 + z36 11: (5)
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If z2¿ 5 then with Lemmas 2 and 3
SZ6 S(5; 2) + S(5; 2; d− 5) + S(d− 5)6 2d− 5 + S(d− 5):
For 76d6 25 with (3) and Lemma 1
TZ¿ 7 · 11 + 20(d− 7)− 2SZ¿ 16d− 53− 2S(d− 5)¿ 48:
For 266d6 38 with (3)–(5), and Lemma 1
TZ ¿ 7 · 11 + 4 · 20 + 10 · 27 + 32(d− 21)− 2SZ
¿ 28d− 235− 2S(d− 5)¿ 48:
It remains
z26 4: (6)
If z2 + z3 + z4¿ 19 then with Lemmas 2 and 3
SZ6 S(19; 4) + S(19; 4; d− 19) + S(d− 19)6 12d− 114 + S(d− 19):
For 196d6 33 with (5), (6), and Lemma 1
TZ¿ 4 · 11 + 7 · 20 + 27(d− 11)− 2SZ¿ 3d+ 115− 2S(d− 19)¿ 48:
For 346d6 38 with (4)–(6), and Lemma 1
TZ ¿ 4 · 11 + 7 · 20 + 10 · 27 + 32(d− 21)− 2SZ
¿ 8d+ 10− 2S(d− 19)¿ 48:
It remains
z2 + z3 + z46 18: (7)
If z2 + z3¿ 10 then with Lemmas 2 and 3
SZ6 S(10; 3) + S(10; 3; d− 10) + S(d− 10)6 6d− 30 + S(d− 10):
For 106d6 25 with (6) and Lemma 1
TZ¿ 4 · 11 + 20(d− 4)− 2SZ¿ 8d+ 24− 2S(d− 10)¿ 48:
For 266d6 38 with (5)–(7), and Lemma 1
TZ ¿ 4 · 11 + 7 · 20 + 7 · 27 + 32(d− 18)− 2SZ
¿ 20d− 143− 2S(d− 10)¿ 48:
It remains
z2 + z36 9: (8)
Now with (6)–(8) it follows for 76d6 22 that
TZ¿ 4 · 11 + 20(d− 4)− 2S(d)¿ 20d− 36− 2S(d)¿ 48
and for 236d6 36 that
TZ¿ 4 · 11 + 5 · 20 + 9 · 27 + 32(d− 18)− 2S(d)¿ 32d− 189− 2S(d)¿ 48:
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It remains to discuss d=37 and d=38. If z2 = 4 then with Lemmas 2 and 3
SZ6 S(4; 2) + S(4; 2; d− 4) + S(d− 4)6 2d− 4 + S(d− 4)
so that with (7), (8), and Lemma 1
TZ ¿ 4 · 11 + 5 · 20 + 9 · 27 + 14 · 32 + 35(d− 32)− 2SZ
¿ 31d− 277− 2S(d− 4)¿ 48
and if z26 3 then with (7), (8), and Lemma 1
TZ ¿ 3 · 11 + 6 · 20 + 9 · 27 + 14 · 32 + 35(d− 32)− 2S(d)
= 35d− 276− 2S(d)¿ 48:
This completes the proof of Theorem 1.
3. Remarks
It may be conjectured that n=14 is the smallest value such that a drawing D(Kn)
exists and a cycle drawing DC(Kn) having the same number of crossings as D(Kn)
does not exist. For n6 13 existing numbers of crossings in DC(Kn) have been listed
and together with nonexisting numbers in D(Kn) from the results in [2] this con-
jecture is proved to be true if 63 and 64 for n=8, 192 and 197 for n=10 and
466; 469; 473; 475; 476 and 478 cannot be numbers of crossings in D(Kn).
Finally, it may be an interesting problem (see Lemma 1) to determine the exact
values of the maximum and minimum numbers of crossings of d diagonals in a convex
n-gon.
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